We propose a scheme for a deterministic controlled-phase gate between two photons based on the strong interaction between two stationary collective Rydberg excitations in an atomic ensemble. The distance-dependent character of the interaction causes both a momentum displacement of the collective excitations and unwanted entanglement between them. We show that these effects can be overcome by swapping the collective excitations in space and by optimizing the geometry, resulting in a photon-photon gate with high fidelity and efficiency.
Deterministic quantum gates between individual photons are very desirable for photonic quantum information processing [1] [2] [3] [4] [5] . As photons interact only very weakly in free space, the implementation of such gates requires appropriate media. One attractive approach involves converting the photons into atomic excitations in highly excited Rydberg states, which exhibit strong interactions. Rydberg state based quantum gates between individual atoms and between atomic ensembles have been proposed [6] [7] [8] [9] [10] and implemented [11] [12] [13] . There are two categories of gates, those relying on the interaction between two excited atoms [6, 7] , and those based on Rydberg blockade [7] [8] [9] [10] [11] [12] [13] , where only one atom is excited at any given time. There is a significant body of work studying the effects of mapping photons onto collective atomic Rydberg excitations [14] [15] [16] [17] [18] [19] [20] . Most proposals for photon-photon gates involve propagating Rydberg excitations (polaritons), either using blockade [21, 22] or two excitations [23] [24] [25] [26] .
Separating the interaction process and propagation makes it easier to achieve high fidelities for these photonic gates [27] . Such separation can be achieved by photon storage, i.e. by converting the photons into stationary rather than moving atomic excitations. The only storagebased photonic gate that has been proposed so far is based on the blockade effect [27] . Achieving blockade conditions can be challenging since both photons have to be localized within the blockade volume. Following [6, 7, [23] [24] [25] [26] , we here propose a storage-based scheme that instead relies on the interaction between two stationary Rydberg excitations.
The main challenge for two-excitation based Rydberg gates in atomic ensembles arises from the fact that the interaction is strongly distance-dependent and thus not uniform over the profiles of the two stored photons. We show that this a priori reduces the gate's fidelity by displacing the collective excitations in momentum space and by entangling their quantum states. However, we then show that it is possible to completely compensate the first effect by swapping the collective excitations in the middle of the interaction time, and to greatly alleviate the second effect by optimizing the shape and separation of the excitations, resulting in a photon-photon gate that achieves both high fidelity and high efficiency. Now we describe our scheme in detail. As shown in Fig. 1a , information is encoded in dual-rail qubits [28] , π" (a) Setup. The scheme is based on dual rail qubits [28] . All four rails are stored as collective spin excitations in an atomic ensemble in a magneto-optical trap (MOT). Only the interacting rails (|1 C and |1 T ) are excited to Rydberg levels. The separation between the interacting rails is set to be larger than the blockade radius R b to ensure that both collective excitations can be promoted to the Rydberg level. (b) Level scheme. The photons are stored and retrieved through nonRydberg EIT (dashed circle #1), which completely separates the Rydberg interaction from the storage and retrieval process. Subsequently optical π pulses promote the collective excitations in the interacting rails to Rydberg states (dashed circle #2), where the van der Waals interaction creates a cumulative conditional phase. After the interaction time, the photons are retrieved by another pair of π pulses followed by non-Rydberg EIT readout.
where the computational basis (|0 , |1 ) is defined by two spatially separated paths. To implement a conditional phase gate between control (C) and target (T) qubits, we store all four rails in a cold alkaline atomic gas. All four rails are stored and retrieved through non-Rydberg EIT in a lambda configuration (see Fig. 1b -Circle 1) , which completely decouples the Rydberg interaction from the propagation. In comparison, the scheme of Ref. [27] relies on Rydberg EIT (i.e. a ladder system involving a Rydberg state), such that the propagating polaritons are still interacting, albeit less strongly than the stored excitations.
The truth table for a controlled phase gate (with a controlled phase of π) is |a C |a T → e iπa C a T |a C |a T , where a {0, 1} and the phase is created under the condition that both photons are in the interacting rails (|1 C , |1 T ). Therefore, we only excite the interacting rails to Rydberg levels through optical π pulses (see Fig. 1a, 1b-Circle 2) , where the Rydberg interaction changes the energy of the interacting pair's state (|1 C 1 T ) and lets it accumulate a phase over time compared to the non-interacting pairs (|1 C 0 T , |0 C 1 T , |0 C 0 T ). After the mentioned preparation steps, the wave function of the interacting pair (|1 C 1 T ) is given by
i is the collective ground state and k 10 and k 20 are the central wave vectors of the collective excitations. The summation in Eq. 1 is over all atoms inside the medium. The raising operatorσ i rj g = |r j i g| excites the i-th atom to the Rydberg state |r j (j = 1, 2). The spatial profile of the collective excitations is considered in f i . Their shape is determined through the storage process and the shape of the input pulses. We assume a Gaussian profile for the rest of the paper.
The interaction energy between two Rydberg atoms has the form (x) = cn |x| n , where x is the separation between the atoms. It changes from dipole-dipole (n = 3) in the short range to van der Waals (n = 6) in the long range [11] . The spatial separation of the collective excitations in our protocol is in the range of the van der Waals interaction. The many-body interaction Hamiltonian iŝ
r2r2 , whereσ rr is the projection operator. Different combinations of excited atoms in Eq. (1) gain different phases, because their interaction strength is distance-dependent. This leads to a non-uniform distribution of conditional phase over each collective excitation, which affects the gate fidelity.
In order to gain some insight into the dynamics of our system, we begin by deriving approximate analytic expressions for the effects of the non-uniform interaction. The modulus squared of the two-excitation wave function in momentum space, |Ψ k1,k2 (t)| 2 , is given by
where
is the wave vector of the first (second) collective excitation relative to its central mode. When the collective excitations are far separated compared to their width, the interaction can be expanded to the second order in the relative distance,
where ∆x 0 = x 10 − x 20 is the distance between the center of the two Gaussian collective excitations and X i1 = x i1 − x 10 indicates the relative position of an excited atom with respect to the center of its distribution. The interaction can be separated into terms that are parallel and perpendicular with respect to the separation
A"er%Interac+on% between the collective excitations ∆x 0 , corresponding to the coordinates (x ,x ⊥ ) etc. One can correspondingly rewrite Eq. (2) in parallel and perpendicular dimensions, resulting in
where 2w (2w ⊥ ) is the spatial width of the collective excitation in the parallel (perpendicular) dimension. The momentum displacement k D = 6c6t |∆x0| 7 is derived from the first order of the interaction expansion. The second order terms in the parallel and perpendicular dimension give the coefficients S = 21w 2 c6t
We numerically evaluate Eq. (2) and show the results in Fig. 2(a,b) for the parallel dimension (see Fig. 5 in the supplemental materials [29] for the perpendicular dimension). These calculations are for the case where two co-propagating photons in the interacting rails are stored with a separation of 21µm in an ensemble of 87 Rb atoms in a MOT with a density of ρ = 4 × 10 12 cm −3 . Both collective excitations have the same spatial width w (w ⊥ ) = 3 µm (8 µm), but they are excited to different Rydberg levels |103 S 1/2 and |102 S 1/2 [14] . Different principal numbers are considered for the two excitations in order to create a stronger interaction [30, 31] . The interaction time is 5 µs.
The numerical results correspond well to the expectations based on the approximate analytic treatment above. Fig. 2(b) clearly shows the expected displacement in momentum space, where the momentum shift k D gained by the two collective excitations (in opposite direction and parallel to the separation) can be understood as being due to the action of the Rydberg force F Ryd = −∇U int over the interaction time. In practice, this will result in retrieval of the photons in directions that deviate from the naively expected phase matching direction, see also the supplemental materials [29] . This "frozen collision" is a remarkable effect in the sense that the change of momentum due to the interaction only becomes apparent once the photons are read out. Based on the geometry of the valence orbital of excited atoms (which determines the sign of c 6 ), the collision can be either attractive or repulsive [32, 33] . Fig. 2(b) also shows the effect of the second-order term, which creates unwanted entanglement between |1 C and |1 T (as well as spreading in momentum space). This term turns the circular cross section of the profile of the probability distribution in momentum space into a 45°rotated ellipse, see also We analyze the expected gate performance using the concepts of (conditional) fidelity and efficiency. Analogous concepts are commonly used in the context of quantum storage [34] . The conditional fidelity quantifies the performance of the gate, conditioned on successful retrieval of both photons. The effects of photon loss are discussed in terms of efficiency below. Following the treatment in [27] , the conditional fidelity of a gate operating on the initial state |φ = 1 2 (|0 C + |1 C ) (|0 T + |1 T ) can be quantified as F = φ | ρ |φ . This definition characterizes the gate's outcome ρ, relative to the ideal output |φ = (|00 + |01 + |10 − |11 )/2. Since the many-body interaction only affects the interacting pair, the fidelity can be rewritten as F = (9 − 3(ζ + ζ * ) + |ζ| 2 )/16
where ζ = Ψ t0 | e −iĤintt |Ψ t0 with |Ψ t0 as given in Eq. (1) andĤ int as defined above. It is clear from Fig. 2(b) that the momentum displacement and the entanglementrelated profile deformation will affect the value of ζ and hence of F . Controlling these effects is essential for achieving high gate fidelity.
We propose a swapping protocol to compensate the destructive effects of momentum displacement, see Fig. 3 . Since the momentum displacement k D ∝ ∆x 0 t is proportional to the separation vector, swapping the relative position of the collective excitations (∆x 0 → −∆x 0 ) in the middle of the interaction time reverses the rate of momentum displacement creation. The compensation of the momentum displacement after swapping can be seen in Fig. 2(c) , and its beneficial effect on the gate fidelity in Fig. 3(d) . The swapping protocol is relatively robust (Color online) Swapping protocol to compensate the momentum displacement shown in Fig. 2(b) and resulting gate performance. (a) Photons in the interacting rails (1C , 1T ) are stored as collective excitations and excited to the Rydberg levels |r as described in Fig. 1 . They are brought back to the spin state |s after half of the interaction time ( , and are de-excited again. The photons are retrieved using non Rydberg EIT. (d) Gate fidelity as a function of the separation between the collective excitations. Solid and hollow circles are with and without the swapping protocol respectively. The spatial shape of the collective excitations is the same as in Fig. 2 . (e) Gate efficiency (circles) and interaction time required for creating a π phase shift (squares) as a function of the separation. The efficiency does not include photon storage and retrieval, see text. One sees that increasing the separation yields higher fidelity, but lower efficiency, because the weaker interaction for greater separations requires longer interaction times and hence more loss due to thermal motion and the finite lifetime of the Rydberg states. Using the swapping protocol, both high fidelity and high efficiency can be achieved.
to positioning errors. In an example where the collective excitations are separated by 21 µm, an averaged Gaussian error of 1 µm in the parallel dimension reduces the average fidelity by 1%, see also the supplemental materials [29] . Errors in the perpendicular dimension are much less critical [29] .
It is important to also consider photon loss. Photon loss that is uniform over the four rails has no effect on the conditional fidelity as defined above. It can therefore be discussed independently in terms of the efficiency η, which is the probability of retrieving each photon after the gate operation. Non-uniform loss terms in our scheme can be made uniform by adding external sources of loss to certain rails, see supplementary information [29] . Two important sources of loss are atomic thermal motion [29, 35] and the finite life time of the Rydberg levels (1.15 ms for |102 S 1/2 and 1.18 ms for |103 S 1/2 ) [36] . Their effects on the efficiency are shown in Fig. 3(e) for differ- ent interaction times in an ensemble cooled to T=0.1 µK.
Considering the separation of interacting rails, there is a trade-off between fidelity and efficiency. A small separation improves the efficiency by reducing the interaction time (see Fig. 3(e) ), but the resulting stronger interaction causes more entanglement and momentum displacement, which reduces the fidelity (see Fig. 3(d) ). The swapping protocol makes it possible to achieve high fidelity and high efficiency simultaneously.
Another significant source of inefficiency comes from the process of storage and retrieval of single photons. A conservative estimate of the associated efficiency for the whole protocol (including the swapping) can be obtained by applying the photon's storage and retrieval efficiency twice [37] . This corresponds to the use of two separate MOTs for storing photons before and after swapping. Based on this estimate the overall efficiency for a density of ρ = 4 × 10 12 cm −3 (corresponding to an optical depth d ≈ 100) is about 70% . Increasing the density to ρ = 3.8 × 10 13 cm −3 (d ≈ 750) improves the efficiency of repeated storage and retrieval to 95%. In practice using a single MOT is likely to both be more practical and lead to higher efficiency than these estimates because in this case the stationary excitations only have to be converted into moving excitations (but not all the way into photons) at the intermediate stage.
We have shown how to compensate the effect of momentum displacement on the fidelity. The other destructive effect of the interaction that reduces the fidelity is the creation of unwanted entanglement between the collective excitations. Entanglement reduces the fidelity by deforming the two-excitation wave function in momentum space, see Fig. 2 (b) (see also Fig. 5(b) in the supplemental materials [29] ). Comparing the eccentricities of the ellipses in parallel and perpendicular direction obtained from Eq. (4), , one sees that the deformation is much stronger for the parallel dimension. Therefore, compression of the collective excitations parallel to their separation can reduce the unwanted entanglement while leaving room for extra atoms in the perpendicular dimensions in order to preserve the directionality of the collective emission [38, 39] . The highly non-isotropic effects of profile compression on the fidelity are shown in Fig. 4(a) . The achievable width compression is mainly limited by diffraction. In order to show the relation between fidelity and entanglement even more clearly we calculate the Von Neumann entropy of the output state. Fig. 4(b) shows that fidelity reduction and entanglement are indeed proportional.
In conclusion, we have proposed a photon-photon gate protocol that uses stationary collective Rydberg excitations, but does not rely on photon blockade. We have shown that unwanted effects due to the distancedependence of the interaction are important but can be overcome, making it realistic to achieve a gate operation with high fidelity and efficiency.
I. EFFECTS OF INTERACTION ON THE WAVE FUNCTION IN THE PERPENDICULAR DIMENSIONS
Fig . 5 shows the numerical evaluation of |ψ k 1⊥ ,k 2⊥ | 2 , the modulus squared of the two-excitation wave function in the dimensions perpendicular to the separation. While the second order of the interaction changes the Gaussian cross section from circular to elliptical by entangling the two excitations, the first order does not have any effect in this dimension. Fig. 6 shows that the swapping protocol is more sensitive to positioning errors for the collective excitations in the parallel dimension than in the perpendicular dimension.
II. SENSITIVITY OF FIDELITY TO POSITIONING ERRORS IN SWAPPING
III. "FROZEN COLLISION" Fig. 7 shows the redistribution of the momentum vectors of the collective excitations due to the interaction. One sees that collective excitations that are created by the storage of co-propagating photons will yield diverging photons upon retrieval. 
IV. GATE EFFICIENCY: THERMAL MOTION AND UNIFORM LOSS

A. Thermal motion
The efficiency factor due to the thermal motion of the atoms is given by η th = 1 (1+( 
